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D U A L  BANACH LATTICES A N D  
BANACH LATTICES WITH 

THE R A D ON -N I K O D YM PROPERTY 

BY 

M I C H E L  T A L A G R A N D *  

ABSTRACT 

We construct  a separable dual Banach lattice E such that no non-trivial order 
interval of its dual is weakly compact.  Hence  E has  the Radon-Nikodym 
property without being in some sense a dual in a natural way. 

I. Introduction 

It has been an open problem for a long time whether every separable Banach 

space with the Radon-Nikodym Property (RNP - -  see [2]) is a subspace of a 

separable dual Banach space. It is known now that the answer is negative [1], [4]. 

These two examples are very different, but both of them are far from being a 

Banach lattice. In fact, it does not seem to be even known today if a separable 

Banach lattice with RNP is a dual (and this question will not be answered here). 

An interesting idea in this direction is due to H. P. Lotz [3], along the following 

lines. Let E be a separable Banach lattice satisfying RNP. Let F be the set of x 

in the dual E*  of E such that [0, Ix I] is weakly compact. Then F is a Banach 

lattice. Lotz shows that if F is big enough, i.e. o-(E,F)  is Hausdorff, then 

E = F*. Hence F is a natural candidate as a predual of E. The purpose of this 

paper is to describe an example (whose existence is claimed in [5]) of a separable 

Banach lattice E (which is a dual) such that F = {0}. Hence, if E is a separable 

Banach lattice satisfying RNP, there does not seem to exist a natural candidate 

for a predual. We feel that this means both that, in general, E is not likely to be a 

dual, and that the problem is not likely to be easy. 

t The  final draft of this paper  was written while the  author  held a grant  f rom N A T O  to visit the  
Ohio  State University. 
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II. The example 

THEOREM. There exists a separable Banach lattice E with the following two 
properties : 

(a) E is a dual (and hence has RNP);  

(b) if x ~ E*,  x ~ 0, then there exists a sublattice isomorphic to l ~, which unit 

ball is contained in [ - I x  [, Ix I] (and hence [0, Ix [] is not weakly compact). 

PROOF. 1st Step. Construction. Let  K = {0, 1} N be the Cantor  set, and h its 

canonical  measure .  Let  (A~),~:o.k>_o be a family of clopen sets of K, which are 

independen t  for  A, and such that for  all n and k, A(A?,) = 2 -". (The existence of 

such a family is obvious if one  r emembers  that  K is i somorphic  to {0, 1}N×N.) 

Let  y,,,k = 2"Xa~. Hence  I]Y,~k [[~ = 1. Let  L~ = L~(A), Lz = L2(A) .  Let  

w =  l z  E L "  qx  E L ~ ' 3 a ' k  >= O' ~ a"k < + w'[z  [ ~ x + ~ a'kY'k} .,k 

For  z C E ,  let ][z[[E=Inf{l[xll2+X,,,a,,~}, where  the inf is taken over  the 

families x ~ L~, (a,,k) with l z 1 = x + X,,~ a~ky,,k. It is s tandard to show that E is a 

Banach lattice. 

Let  us first show that ~ ( K ) i s  dense in E. Since 1[ [1~ is s t ronger  than [[ lie on 

~ ( K ) ,  this will show that E is separable.  Let  z ~ E .  We have Iz l_ -  < 

x + E.,ka,,ky,~k, where  x E L2 and X,,ka.,k < + ~. Hence ,  z = zl + z2, where  

[z~l<--_x, Z2<=X.,ka,~ky,,k. Let  e > 0 .  Since ]Zl[<=x, z, EL2,  there  exists 

t 1 E ~ ( K )  with [[z~-t~[[2<e/3. Let  I be a finite subset of N × N  such that 

E(,,k)z,a,,k~e/3. We have z2=z3-~-z4, where  [Z31"<X.,~,E,a,.ky,,,k, IZ41~ 

Since is bounded, there exist with IIz -t ll2- -< , / 3 .  

Now 

Iz - t l - t : ~ l ~ l z l - t , l + l z 3 - t 3 1 + l z 4 1  

where  I[IZl - -  tl [ + I Z3 - -  t31112 ~ 2 /3, [ z 4[ ~ ~,rt, k)~l a.,~y..k and E(.,k)~, a.,k =< e/3,  SO 

[IZ -- t l-- t3[[E =< e. 

Next ,  we have L z ~  E ~ L., where  each of the injections is positive, of norm 

=< 1 (for the second one, this follows f rom I[x [[1--< I[x [[2, ][y.,~ [[1 = 1). Hence ,  for  

each n, k, 1 = II y,~,k I[1 ~ II y,,k lie -<- 1, so II y,,k [1~ = 1. Since L2~--~ E, it is clear that E '  

can be identified with those t E L2 for which there  exist a constant  M such that 

fltly, ,~ <-M for  all n,k. In particular,  ~(K)~-~E *, and since the norm of E is 

s t ronger  than the norm of L~, this inject ion is con t inuous when ~ (K)  is provided  

with the L~ norm. This shows that the image of ~ ( K )  in E *  is separable.  
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2nd Step. We are going to show that E is the dual of the closure of the image 

of CO(K) in E*. Since this image is separable, it is enough to show that each 

sequence (z p) in the unit ball of E has a subsequence which converges for 

tr(E, c~ (K)). (Hence the unit ball of E will be tr(E, c8 (K))-compact.) For each p, 
P one can write z" = z~ +z~, where z~ ~L2,  [z~l <E.,t`a..t`y.,t` and 

[[ z ~ 112 + E..t` a~..t  ̀-<_ 1 + 2 -°. By taking a subsequence, one can assume that [1 z ~ 11 

converges, to o~ say, that z~ converges weakly in L2 to z, (with [[z,[[ _-< a )  and that 

for each n, k (aP..t`)e converges to a.,t`. One can by taking another subsequence 

assume that P < 2 -"-t`-p a,~t`=a.,t` + for n,k <=p. For each p, one can write z~ = 
P ~ . P E(.,t`)~1 z,~t`+ z~ where Ip = [0, p] x [0,p], [zP.t`l < a~'..t̀ y,~t̀ , Iz~l<=E(..t`)~ta..t`y,~t`. 

It is also possible to assume that zP..t`---~ z,~t` say in the o'(L,, C~(K)) topology. Of 

course, [ z.,t` } <- a,~ky,O,. 
We show now that E(..t`)~ zP..t̀ ---~ E..t`z,~t` for o'(E, ~(K)) .  For f ~  ~ (K) ,  we 

have for any po 

+ ~ a~.t`+ ~_, a,,.~). 
(n,k )~l~o (n,k )~l~o 

Since a P,~t̀ = < a,~t` + 2 -"-k-p for (n, k) ~ I~, we have 

(n,k )~t~, a (n,k )~po 
(~k )El F, 

So, if e > 0 and we let po be large enough such that 2 -p'' + g(,~k),%,, a,~k ------- e, we 

have 

l imsupl  f /  Z zP. .k- f fZz .~k[<=2e 
,~ (n ,k  )f~-lp n ,k  

which proves our assertion, since e is arbitrary. 

We still have to study the behavior of z3 p. Let /3p = E(,,k)~l a~.t`. We can 

suppose/3 = lim/3p exist. We can also suppose that z~ converges in CO(K)* to a 

measure /z. We have II/~ !1 --</3. We are going to prove that d/z = hdh, where 

II h II --/3. It is enough to show that p (X) _-</33. (X) for each clopen set X of L. Let 

p0 be large enough such that for (n, k ) ~  Ip o, for A,~t` independent of the 

coordinates of which X depends. It is enough to show that IfxZ~l <-/3pA (X) for 

p>=po. But it is clear that z3 p is limit in L ~ of elements of the type 

E(,~t̀ )~t~.(,~t̀ )~,t,~t̀  where [t,.t, I__ --< P a..t`y..t`. But we have 



Vol. 38, 1981 BANACH LATTICES 49 

f× y~,k = 2"A(X nA,,.~)= A(X) 

so the claim a b o u t / z  follows. Hence  z ~ ---> h for  o-(E, %)(K)). Of  course,  z f ---> z, 

for o-(E, ~ ( K ) ) ,  since this topology  is coarser  on L2 than o'(L2, L2). 
So z--->Zl+X,.kz..k+h for o'(E,(~(K)), and norm of the limit is =< 

a + X,.ka,,k +/3, and it is clear that this is =< 1, since l imsupp E,.kaP,,k= < 1 -  0~. 

Hence  E is the dual of  the image of  ~ ( K )  in E *  

3rd Step. Let  x @ E ' ,  x > 0. We have Shown that there exist a measurable  set 

B C K, and a > 0 with x _-> aXB. In order  to prove (b), we can hence  assume that 

x = Xs. Let /3 = A (B)/3. 

For  all n, (1 - 2-")  2" _-> 1/2e _-> 1/6. Let p be an integer such that 1/6" </3.  For  

all n, we have h (  I,.3 k<-p2. A. .k)  ------- 1 - /3 .  We  are going to construct  by induction a 

sequence  (kt) of integers, such that if lo is fixed such that  2 % =</3, the fol lowing 

condit ion is satisfied for  all l, where At = A~,+~+t.k,: 

(1) 
I ' < l  

The first step being the same as the general  step let us assume the construct ion 

has been done  for l ' <  L We  have A( U v<~Av)_-< EL_,~,2 t° t l__<2-t,,< / 3 so if we 

set C= B\ U t,<~Av, we have h (C)_-> 2/3. We  claim there exist k -<p2  to÷t+t with 

A (Ato+t+z,k n C)  > /3p- lA (Aao+t+l,k). For  otherwise,  we would  have 

/3<-h( U A,o+t+~.knC) <- ~ A(A,o+,+~kDC ) 
k <-p2 IO+l+l 

- k ~ p 2  to+l+l 

< p2J°+l*l[3p-I2 -''÷l+'~ = t3, 

a contradict ion.  So if we take kt = k, this concludes the construct ion.  

Now, for each / ,  let C~ = At n (B \  U v<tAv). These sets are disjoint, and f rom 

(1) we get, if yz = y,+~,,+t.k,, 

xc, >= f ytxc, >-_/3p 

It is thus clear that  the map  ( t , ) ~  Y,, t,xc, is an i somorphism of  I ~ and a sublatt ice 

of E* ,  whose unit ball is conta ined in [ - ] x  I,]x []. The  proof  is finished. 
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