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DUAL BANACH LATTICES AND
BANACH LATTICES WITH
THE RADON-NIKODYM PROPERTY

BY
MICHEL TALAGRAND'

ABSTRACT

We construct a separable dual Banach lattice E such that no non-trivial order
interval of its dual is weakly compact. Hence E has the Radon-Nikodym
property without being in some sense a dual in a natural way.

I. Introduction

It has been an open problem for a long time whether every separable Banach
space with the Radon-Nikodym Property (RNP — see [2]) is a subspace of a
separable dual Banach space. It is known now that the answer is negative [1], [4].
These two examples are very different, but both of them are far from being a
Banach lattice. In fact, it does not seem to be even known today if a separable
Banach lattice with RNP is a dual (and this question will not be answered here).
An interesting idea in this direction is due to H. P. Lotz [3], along the following
lines. Let E be a separable Banach lattice satisfying RNP. Let F be the set of x
in the dual E* of E such that [0,]x|] is weakly compact. Then F is a Banach
lattice. Lotz shows that if F is big enough, i.e. o(E, F) is Hausdorff, then
E = F*. Hence F is a natural candidate as a predual of E. The purpose of this
paper is to describe an example (whose existence is claimed in [5]) of a separable
Banach lattice E (which is a dual) such that F = {0}. Hence, if E is a separable
Banach lattice satisfying RNP, there does not seem to exist a natural candidate
for a predual. We feel that this means both that, in general, E is not likely tobe a
dual, and that the problem is not likely to be easy.
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II. The example

THeEOREM. There exists a separable Banach lattice E with the following two
propetties :

(a) E is a dual (and hence has RNP);

(b) if x € E*, x#0, then there exists a sublattice isomorphic to [”, which unit
ball is contained in [~ |x|,|x|] (and hence [0,|x|] is not weakly compact).

ProoF. 1st Step. Construction. Let K = {0, 1}" be the Cantor set, and A its
canonical measure. Let (A} ).zox=0 be a family of clopen sets of K, which are
independent for A, and such that for all n and k, A(A%)=2"" (The existence of
such a family is obvious if one remembers that K is isomorphic to {0, 1}"™.)
Let .. =2"xap. Hence ||y | =1. Let Ly = Ly(A), L, = Lx(A). Let

W = {z €L,qxe L7 da,, =0, 2 Qe < +0,|z|=x + 2 an‘kYn‘k}-
nk nk

For z €E, let ||z |le = Inf{|x|.+ Z.« a..}, where the inf is taken over the
families x € L3, (a.x) With |z | = x + =, 4 duiYns It is standard to show that E is a
Banach lattice.

Let us first show that €(K) is dense in E. Since || |l is stronger than || [ on
€(K), this will show that E is separable. Let z € E. We have |z|=
X + 2, kniYur, Where x € L, and Z,.a.« < +©. Hence, z = z,+ z,, where
[z)]=x, z:=Z..@uiys- Let €>0. Since |z,|=x, z,E L, there exists
t € €(K) with ||z,— t,].=¢/3. Let I be a finite subset of NxN such that
Szl = /3. We have z,=2z;+2z, where |z =X, icilaiVni |24 =
S i1k Yne Since zs is bounded, there exist t: € €(K) with |z, — 6l = /3.
Now

,Z—tl—t:;1§lzx—‘tll+lzs—t3,+fz4’

where |||z, — t]+|z:— 6| =26 /3, | 24| = Zinioer AniYnx a0d Zgrigr Gk = €/3, 50
lz—ti—t]e Se

Next, we have L. E <> L,, where each of the injections is positive, of norm
= 1 (for the second one, this follows from || x |j; = |/x |, [|y~« [l = 1). Hence, for
each n, k, 1 = ||V i £l yur e = 1, 50| yur e = 1. Since L, E, it is clear that E’
can be identified with those t € L, for which there exist a constant M such that
[lt|y.x =M for all n, k. In particular, €(K)< E*, and since the norm of E is
stronger than the norm of L, this injection is continuous when € (K) is provided
with the L. norm. This shows that the image of €(K) in E* is separable.
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2nd Step. We are going to show that E is the dual of the closure of the image
of €(K) in E*. Since this image is separable, it is enough to show that each
sequence (z°) in the unit ball of E has a subsequence which converges for
o (E, € (K)). (Hence the unit ball of E will be o (E, 4(K))-compact.) For each p,
one can write z°=2z%+2z5 where 2z{€L, |z§|=Z..a%y. and
2% [+ Zne @b = 1+ 277, By taking a subsequence, one can assume that |27 ||
converges, to a say, that z§ converges weakly in L, to z, (with || z,|| = @) and that
for each n, k (af), converges to a... One can by taking another subsequence
assume that a%, = a,, +27"“7% for n,k = p. For each p, one can write z5 =
E(n.k)elpzfuk + z% where Ip = [0, P] X [O,P], llﬁ,kl = alhiYnk 'Zg ' = z(n.k)ElP atiynk-
It is also possible to assume that z%,— z,., say in the o (L, 4(K)) topology. Of
course, | Zni | = GniYni-

We show now that Z.i)er, Zhk— Zni Zne for o(E, €(K)). For f € €(K), we
have for any po

WZ)EIPJ’ fzik—szzmk

S 3 [ Iz 2l
(n,k)Elpu

+ 2 at.t an,k) .
(nk)EL, (niE,
(nk)EL,

Po

Since a%, = a, +2"7“7" for (n, k)€ I, we have

Soal =2+ > au
QO (K)EL,,
(nk)EL,

So, if € >0 and we let p, be large enough such that 27% + Z.i)er, dnk = €, W
have

£ 3 zh—ff% 2| =26

limsup

4 (nk)EI,
which proves our assertion, since ¢ is arbitrary.

We still have to study the behavior of z5. Let B, = Zie, af. We can
suppose B = lim B, exist. We can also suppose that z§ converges in €(K)* to a
measure u. We have ||p || = B. We are going to prove that du = hdA, where
|k ]| = B. It is enough to show that u (X) = BA (X) for each clopen set X of L. Let
po be large enough such that for (n,k) & I,, for A,. independent of the
coordinates of which X depends. It is enough to show that | [x 25| = B,A (X)) for
p Zpo. But it is clear that z5 is limit in L' of elements of the type
S, mioer, nke Where |t | = afiya. But we have
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f Yok =2"A(X N AL)= AMX)

so the claim about g follows. Hence z£ — f for o(E, €(K)). Of course, 2§ — z,
for a(E, 6(K)), since this topology is coarser on L, than o (L., L,).
So z—z,+2, 2z, +h for o(E,4(K)), and norm of the limit is =
a+Z2,.a.. + B, and it is clear that this is =1, since limsup, 2., a5 =1- a.
Hence E is the dual of the image of €(K) in E*.

3rd Step. Letx € E’, x > (. We have shown that there exist a measurable set
B CK, and a >0 with x = ay;. In order to prove (b), we can hence assume that
x = xsa. Let B8 =A(B)/3.

For all n, (1-27")* = 1/2¢ = 1/6. Let p be an integer such that 1/6° = g. For
all n, we have A (U «2,»A.c) = 1 — B. We are going to construct by induction a
sequence (k;) of integers, such that if [, is fixed such that 27 = g, the following
condition is satisfied for all [, where A, = A iv14,:

¢} A(A, N (B N A,,)) = Bp'A(A).

t<i

The first step being the same as the general step let us assume the construction
has been done for I'<I We have A(U ;. A;)=%,.,27v" '=2"v = B so if we
set C =B\ U ., A, we have A (C)=2B8. We claim there exist k = p2°*'"*' with
AAgre1x NC) = Bp A (Aysi1k ). For otherwise, we would have

p=A( U AunnC)s 3 MAwnn©)

ks pobti+t ks patiet

< p210+l+lﬁp—12—(l(,+l+l) — B’

a contradiction. So if we take k, = k, this concludes the construction.
Now, for each [, let C, = A, N (B\ U r<tAr). These sets are disjoint, and from
(1) we get, if ¥ = Yigrike

”XCI ”E’—Z— f YiXc, = Bp‘l.

It is thus clear that the map (£,) = 2, f)x¢, is an isomorphism of [~ and a sublattice
of E*, whose unit ball is contained in [—|x|,|x|]. The proof is finished.
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